Multiple length-scale effects are demonstrated in indentation-strength measurements of a range of ceramic materials under inert and reactive conditions. Meso-scale effects associated with flaw disruption by lateral cracking at large indentation loads are shown to increase strengths above the ideal indentation response. Micro-scale effects associated with toughening by microstructural restraints at small indentation loads are shown to decrease strengths below the ideal response. A combined meso-micro-scale analysis is developed that describes ceramic inert strength behaviors over the complete indentation flaw size range. Nano-scale effects associated with chemical equilibria and crack velocity thresholds are shown to lead to invariant minimum strengths at slow applied stressing rates under reactive conditions. A combined meso-micro-nano-scale analysis is developed that describes the full range of reactive and inert strength behaviors as a function of indentation load and applied stressing rate. Applications of the multi-scale analysis are demonstrated for materials design, materials selection, toughness determination, crack velocity determination, bond-rupture parameter determination, and prediction of reactive strengths. The measurements and analysis provide strong support for the existence of sharp crack tips in ceramics such that the nano-scale mechanisms of discrete bond rupture are separate from the larger scale crack driving force mechanics characterized by continuum-based stress-intensity factors.
I. Introduction
This In an analogous fashion, the lecture and paper here will also draw inspiration from a prior Wales. In his lecture, 3 Dr. Lawn examined the "underlying bases of present-day fracture theory,"
and proposed that the "atomically sharp crack should be taken as the cornerstone for modelling [crack] propagation." In the 32 years since Dr. Lawn gave his Sosman lecture, many new ceramic fracture phenomena have been observed, and it seems appropriate to re-examine the implications of the atomically sharp crack concept in modeling these phenomena. The intent of this paper is thus to explore an application of the physics of fracture, and a sub-title might be "Strength of Ceramics: How Far Have We Come Since Lawn's Sosman Address?"
The major piece of evidence presented by Lawn in support of the contention that cracks in ceramics and other brittle materials are atomically sharp was the transmission electron microscope (TEM) images of Hockey. 4, 5 In these images, the cracks certainly appear sharp in cross-section down to the near-nanometer resolution of the images and there does not appear to be any evidence of large-scale deformation, carried by crack-tip generated dislocations, say, surrounding the cracks. Perhaps more telling are the images in plan view, which show Moiré fracture mechanisms (and environment) at the crack tip. (Remote from the crack, the stress approaches the applied stress and the SIF does not apply; the mechanics of fracture is concerned with stress fields surrounding the crack.)
The specific goal of this paper is to apply the SIF formalism to three real-world ceramic strength phenomena at multiple length scales. These phenomena, hints of which were becoming apparent in my early research with Lawn in 1982, are:
1. Large contacts are different from small contacts-the lateral crack problem (meso-scale) 2. Long cracks are different from short cracks-the microstructure problem (micro-scale) 3 . Rapid loading is different from slow loading-the environment problem (nano-scale)
The descriptors following the phenomena give the colloquial terms for the (now identified)
causes of the phenomena and the fracture mechanics problems required to be solved in order to model ceramic strength. The length scales over which the phenomena act are given in parentheses and are hundreds of micrometers or larger (meso), one to one hundred micrometers (micro), and nanometers or smaller (nano). The first two of these are equilibrium fracture phenomena and the third is a non-equilibrium (or kinetic) phenomenon. The fracture system to be used as the test vehicle displaying these phenomena is the indentation-strength methodology.
This methodology involves a two-step sequence, Fig. 1 : (1) A sharp indenter is loaded onto a ceramic sample surface with a prescribed peak contact load. The indentation contact generates a localized zone of plastic deformation with an attendant residual stress field in the surrounding elastically deformed matrix. The stress field initiates cracks from nuclei formed in the plastic deformation zone and stably propagates these cracks into the elastic matrix. ( 2) The sample is loaded, usually in bending to avoid the gripping issues associated with brittle materials in tension, and the maximum sustainable applied stress, the sample strength, is measured. The tensile applied stress field unstably propagates the indentation cracks, which, if large enough, thus control the strength. The advantage of this methodology is that the size and location of the "indentation flaw" can easily be controlled and thus the fracture mechanics of the system can be well posed in terms of the residual and applied stress fields. Indentation-strength measurements can thus be interpreted in terms of the three phenomena listed above.
Section II of this paper will give the background and analyses, developed since 1982, 9, 10 for interpreting indentation-strength measurements including the three phenomena. The section will first develop and apply mechanics analyses to describe equilibrium indentation-strength phenomena at the meso-and micro-scales, and tie these two together in a single formulation.
This section will then develop and apply an analysis to describe non-equilibrium indentationstrength behavior, originating from phenomenon at the nano-scale and finally tie the three length scales together in a single formulation. Section III will apply these analyses to indentationstrength measurements on a range of ceramic materials, some published, [10] [11] [12] [13] [14] illustrating the diversity of responses. Section IV will include applications of these analyses. Section V will offer some conclusions to be drawn from the results of Sections III and IV.
II. Multi Length-Scale Models for Fracture
(1) Ideal Indentation Fracture contact stress during the formation of such an impression is P/2a 2 , where P is the peak indentation load. Material resistance to such contact plastic deformation is the hardness, H.
Equating the stress and the hardness and inverting gives the relationship between the contact impression dimension and the indentation load:
The contact behavior of many ceramic materials is well described by Eq. 1 over indentation load ranges of several orders of magnitude, 9, 14 representing invariant hardness in these ranges.
The zone of plastically-deformed material remains compressed after indentation, leading to a residual stress field in the surrounding elastic matrix that can lead to fracture. 15, 16 In particular, the residual field includes circumferential tension at the material surface exterior to the plastic deformation zone. A consequence is that, above "threshold" indentation loads, 16, 17 cracks can initiate from fracture nuclei formed in the plastic deformation zone and propagate stably into the surrounding elastic matrix. Functionally, for Vickers indentations, "radial" cracks initiate at the surface near the contact impression corners and propagate away from the impression, perpendicular to the surface. As the load is increased the cracks also propagate into the depth of the material and may coalesce beneath the plastic deformation zone to form two perpendicular near semi-circular "half-penny" cracks. The surface traces of such cracks are shown in the schematic plan view of Fig. 2 (a) and the cross-sections are shown in Fig. 1 . The SIF for the half-penny cracks in the residual indentation stress field, Kr, is well described by the form of that for an imbedded, center-loaded circular crack, 15 ,18
where c is the crack length measured from the contact impression center, Fig. 2(a) , and χ is a (material-dependent) dimensionless constant taking into account surface-and crack geometryeffects as well as the amplitude of the residual stress field. The SIF is the driving force for fracture (just as the mean supported contact stress was that for plastic deformation). The material property characterizing the resistance to fracture is the toughness, T. Equating the SIF and the toughness, Kr = T, gives the variation of the equilibrium half-penny crack length, c0, with indentation load:
The equilibrium is stable as any positive perturbation in c0 leads to Kr < T. The indentation crack lengths of many ceramic materials are well described by Eq. 3, again over several orders of magnitude of indentation load, 9, 14, 19 although some care must be taken in interpreting such observations: The value of χ and the variation of T with crack length are not known with nearly the same confidence as the geometry of the plastic deformation zone and H. In the absence of other information, such descriptions strictly point to the invariance in T/χ over the indentation load range. If χ is known then the inferred single-valued toughness is that for the environment in which the cracks propagated (in most cases moisture-containing air).
Figure 2(b) shows a schematic cross-section of an ideal indentation flaw in a ceramic sample during an indentation-strength test. The localized residual stress field acting on the crack is indicated by the small arrows. The remotely applied uniform tensile stress, σA, is indicated by the large arrows. The SIF for the applied stress, Ka, is
where ψ is a dimensionless crack-geometry term. Equation 4 differs from Eq. 2 in a very important respect: Whereas the SIF in Eq. 2 represents a stabilizing fracture field, dKr/dc < 0, that from Eq. 4 represents a destabilizing fracture field, dKa/dc > 0, with the implication that if the magnitude of the applied stress is made great enough, the fracture system will become unstable and any positive perturbation in c will lead to unrestrained crack extension; the magnitude of the stress at which this occurs is thus the sample strength. If such fracture occurs in the absence of any reactive species, that is if the environment is inert (e.g., dry N2 gas or silicone oil), the strength is the "inert strength." The net SIF, K, acting on the indentation flaw represented in Fig. 2 
and the equilibrium condition is K = T0, where T0 is the material toughness in an inert environment and a maximum for a material. As the applied and residual SIFs have opposing stability effects, the strength, σmax, is found by simultaneously solving the equilibrium equation and the equation describing incipient instability, dK/dc = dT0/dc = 0, to give
Many ceramic materials are well described by Eq. 6, but again some care must be taken in Many ceramic materials do not exhibit indentation-strength behavior described by Eq. 6, particularly when the range of indentation loads is large (even if Eqs. 1 and 3 appear to describe indentation observations) or if the microstructural scale is large. In these cases, the ideal indentation-strength analysis must be modified to take account of meso-and micro-scale phenomena.
(2) Meso-scale Phenomena
In addition to the component of the residual stress field driving the half-penny cracks, there is a component of radial tension in the body of the material beneath the plastic deformation zone. A consequence is that, above threshold indentation loads somewhat greater than those for radial and half-penny crack initiation, "lateral" cracks can initiate from fracture nuclei at or near the base of the plastic deformation zone and propagate stably into the surrounding elastic matrix parallel to the surface. 16, 21 As the load is increased the cracks turn and propagate towards the surface and may eventually reach the surface, removing a chip of material. A consequence is that for indentation loads greater than the lateral crack threshold, the plastic deformation zone is increasingly decoupled from the surrounding constraining material and the residual field in the elastic matrix is decreased, Fig. 3(a) . The reduction in the residual field due to this meso-scale phenomenon at the scale of the flaw is described by a modification to Eq. 2 and an additional load-dependence for the residual SIF:
where PL is a characteristic indentation load at which lateral crack effects become significant. PL is related via the modulus and hardness of the material to the physical increase in volume provided by the lateral cracks for the compressed plastic deformation zone. 22 The inert strength
where
is a characteristic strength. For small indentation loads, L P P << , the strength given by Eq. 8a tends asymptotically to the ideal strength given by Eq. 6. For large indentation loads, L P P >> , the strength tends asymptotically to the invariant strength minimum given by Eq. 8b; in this range increased indentation loads do not lead to increased residual fields.
(3) Micro-scale Phenomena
In many ceramic materials, propagating cracks interact significantly with the material microstructure. Polycrystalline alumina (Al2O3) has been particularly well studied in this regard and perhaps best exemplifies the combined effects on fracture of (non-transforming) ceramics of weak grain boundaries, elastic and fracture anisotropy of grains, and inhomogeneous thermallygenerated stress fields. The relevant observations date back to Coble (as cited in Kingery et al. 23 ), and particularly include those by Steinbrech, 24 Swain, 25 
where µ is a microstructural geometry factor and the minus sign serves to emphasize that Kµ opposes crack propagation. The net SIF for an indentation flaw under applied stress in such a microstructural field is given by extending Eq. 5,
and it can be seen that the effect of the microstructure is a stabilizing fracture field, dKµ/dc < 0.
Once again, the inert strength is found by simultaneously solving the equilibrium and incipient instability equations to give
is a characteristic strength, and
For large indentation loads, * >> P P , the strength given by Eq. 11a tends asymptotically to the ideal strength given by Eq. 6. For small indentation loads, * << P P , the strength tends asymptotically to the invariant strength maximum given by Eq. 11b; in this range decreased indentation loads do not lead to decreased crack lengths at instability.
(4) Combined Meso-and Micro-Scale Inert Strength
The inert indentation-strength over the full indentation load range, encompassing both meso-and micro-scale phenomena, is given by
where ) (
is an effective indentation load. The inert strength response given by Eq. 13a is sigmoidal, passing between two strength asymptotes: At small indentation loads, the strength tends to the upper, microstructural-controlled strength (Eq. 11b); at large indentation loads, the strength tends to the lower, lateral crack-controlled strength (Eq. 8b). Between these two, the strength passes through the ideal response (Eq. 6). An example for a Cr-doped alumina 9 is shown in Fig. 4 : The bold solid line is the full meso-plus micro-response (Eq. 13a), the fine solid lines are the separate meso-and micro-responses (Eqs. 8a and 11a), and the dashed line is the ideal response (Eq. 6).
(5) Nano-scale Phenomena
Fracture in many ceramic materials, particularly oxides, is significantly influenced by the presence of water (H2O). 30 (14) takes place and the fracture energy is 2γ. There are two implications of Eq. 14. The first is that equilibrium fracture strengths (Eqs. 6, 8b, and 11b) will be smaller in reactive water environments compared with inert environments, reflecting the smaller fracture energy. The second is that there will be an energy barrier separating the initial and final states represented by the chemical reaction of Eq. 14, and hence kinetics will play a role in reactive fracture.
In addressing the equilibrium energetics of such nano-scale fracture phenomena, it is more convenient to characterize the crack driving force by the mechanical energy release rate, G = −dUM/dA, where UM is the mechanical energy of the fracture system and A is the crack area. 8 The analogous crack resistive force is the fracture resistance, R = dUS/dA, where US is the (total) surface energy of the fracture system; for the reactive case here, R = 2γ, and for the inert case, R = 2γ0. Fracture equilibrium, for which there is no crack motion, is thus given by G = 2γ in the reactive environment and G = 2γ0 in the inert environment. 31 The connection between G, characterizing the flux of energy to the crack tip region to break bonds, and K, characterizing the work performed by the external applied loading is given by the Irwin relation:
where E is the Young's modulus of the material (elastic isotropy and plane stress assumed).
Comparison of the equilibrium equations in reactive conditions, G = 2γ and K = T, with the Irwin Page 13 of 37 relation shows that the toughness in the reactive environment is T = (2γE) 1/2 and comparison with inert conditions gives T0 = (2γ0E) 1/2 > T. It is thus possible to define a characteristic strength in the reactive environment, in analogy to that for the inert environment of Eqs. 11a and 13a, by
The subscript "min" in Eq. 16a indicates that the strength is the minimum that can be observed with the specified indentation load. It is a minimum as the surface is assumed to be in full reactive equilibrium; all broken bonds that could react with environmental species have done so.
For this to be the case, every reactive bond must have had sufficient time to overcome the energy barrier separating the initial (unbroken) and final (fully reacted) states in Eq. 14. The implication is that σmin is approached at very slow applied stressing rates, such that sufficient time is provided for every bond to react. This is in distinction to the inert strength σmax, which is observed when no bond reacts.
Strengths intermediate to σmin and σmax will be observed for applied stressing rates that lead to failure times comparable to those imposed by the kinetics of bond rupture and reaction.
Such kinetics are incorporated into a reactive strength formulation by extending the surface energy expression beyond the average value to include a periodic array of energy barriers to bond rupture and reaction:
where a 2 is the incremental bond area, such that a here is the average separation between barriers or bonds, u0 is the energy to break a bond and react with the environmental species, and u1 is the barrier height in fracture equilibrium, G = 2γ. In equilibrium, the barrier heights for bond rupture and bond healing are identical. Under non-equilibrium conditions, 2γ < G < 2γ0, the barriers for rupture are decreased and the barriers for healing are increased, such that the frequency of rupture becomes greater than that of healing and there is a net increase in crack area. Assuming
Arrhenius kinetics and linear dependence of the barrier heights on separation from equilibrium leads to an areal rate of crack extension given by 10, 32 
and t is time. The macroscopic crack extension rate terms are related to those of the nano-scale surface energy expression by
where k = Boltzmann's constant, here T = temperature, and f0 is the characteristic frequency for bond rupture and healing in the equilibrium state. The crack velocity, v = dc/dt, along a particular dimension c of a crack is given by
(21b)
For a half-penny crack, b = 2πc/a. Equation 20 has been shown to be extremely effective in describing indentation crack extension in reactive environments, macroscopic crack growth in reactive environments, including the effects of temperature, and the strengths of ceramics measured under constant stressing rate conditions in water. 10, 32 In all cases, a critical feature of the observations has been the appearance of a zero in the crack velocity, v = 0, included in Eq. 20
at fracture equilibrium, G = 2γ: 2γ is thus the threshold value for crack propagation.
(6) Combined Meso-, Micro-, and Nano-Scale Reactive Strength
The crack velocity expression, Eq. 20, provides a means of calculating the time, tf, required for a crack to extend from an initial length, ci, to a final length, cf, by the integral
The conditions of interest here are for a ceramic specimen containing an indentation flaw in a reactive water environment exposed to an applied stress increasing linearly with time from zero.
In this case the applied stress is given by
where a σ is the applied stressing rate. The first half of the linkage between the micro-and mesoscale phenomena and the nano-scale phenomena combines the full SIF expression of Eq. 10 with the Irwin relation of Eq. 15 to arrive at the mechanical energy release rate for the ceramic specimen,
using Eqs. 12 and 23. The second half of the meso-micro-nano-scale linkage is to use Eq. 24 in
Eq. 20 and thence Eq. 22 to calculate the non-equilibrium extension of the indentation crack. The initial condition for such extension is given by stable equilibrium in the reactive environment under zero stress,
noting that the initial crack length, ci, may be longer than c0 of Eq. 3 if T in water is significantly less than T in air and sufficient time is allowed between exposure of the indentation to water and imposition of the applied stress. The final condition for such extension is given by unstable equilibrium in the inert environment at a non-zero stress,
recognizing that the non-zero stress is the reactive failure strength of the specimen, σf, given by
Experimentally, the meso-micro-nano-linkage is made by first performing inert strength measurements and fitting the full inert strength model to the data to obtain PL, P* and σµ.
Inversion of the characteristic strength equation then provides T∞, which allows self-consistent determination 9 of δ and T0 and thus ∆T; 2γ0 follows from the Irwin relation (noting that ψ, χ, and E are required). Specification of P and a σ used in a subsequent reactive strength test allows the mechanical energy release rate and initial and final conditions for the crack extension integral to be calculated. Selection of the parameters v0, 2γ, and η enables the integral to be completed, albeit numerically, and the reactive strength determined. Such strengths can then be compared with reactive strength measurements and the crack velocity parameters refined to best fit the data. This experimental sequence is the subject of the next section.
III. Indentation-Strength Measurements
(1) Inert Strengths 6. The three non-Al2O3 materials exemplify limits of the full strength response: the cordierite exhibits almost ideal response, Eq. 6, over the indentation load range; the Bi-BaTiO3 exhibits meso-scale influence alone on strength, Eq. 8, at large indentation loads; and, the Macor exhibits micro-scale influence alone on strength, Eq. 11, at small indentation loads. The three polycrystalline Al2O3 materials exhibit varying levels of simultaneous meso-and micro-scale influences: the AD90 exhibits small meso-and micro-scale combined influences such that only the smallest and largest indentation load data deviate from the ideal response; the AD999 exhibits larger combined influences; and, the Vistal exhibits such large combined influences that none of the data are well described by the ideal response and the best fit passes through the P −1/3 asymptote. Sapphire can provide no microstructural influence of course, and exhibits a mesoscale influence alone. Table 1 gives the parameters σµ, σL, P*, and PL for each material describing the best fit solid lines of Fig. 5 (noting that only three of the four are independent), along with the combination σµ(P*) 1/3 = σL(PL)
1/3 describing the asymptotic dashed lines. 19 ) and these were the parameters used here. Upper-bound estimates for δ and T0
were determined from the T∞ values, and 2γ0 values were thence determined from the T0 values, and these additional three values are also given in Table 1 .
(2) Reactive Strengths Experimental details are given in Refs. 12 and 13.
The solid lines in Fig. 6 represent best fits to the reactive strength data using the mesomicro-nano-scale strength relations and analysis sequence described in the previous section. The fitting method was to calculate σf values from solution of the crack extension integral using the experimental applied stressing rates and a three-dimensional matrix of discrete (v0, 2γ, η) values.
The integral was solved numerically using a sixth-order Runge-Kutta algorithm such that relative changes in v between each integration step were less than 0.2 %.The sum (over all the stressing rates) of the squared error (SSE) between the calculated and measured σf values was determined for each choice of (v0, 2γ, η). SSE was minimized to provide the best fit between calculated and measured values by (manually) steering the span of the matrix values and reducing their separation. The solid lines in Fig. 6 were obtained using numerical solutions to the integral over the stressing-rate ranges used in the plots and the best fit parameters.
A key feature in Fig. 6 is that at slow stressing rates the measured reactive strengths for all the materials approach invariant minima and these minima were observed over several orders of magnitude of applied stressing rate. These minima correspond to the minimum reactive equilibrium strength σmin of Eq. 16b. Comparison of these minimum strengths with the conjugate applied stressing rates and Eq. 25c suggests that these fracture surfaces reached chemical equilibrium with the water environment in times of tens of minutes. As the applied stressing rates increased, the reactive strengths increased, approximately logarithmically with stressing rate.
Another feature in Fig. 6 , common to nearly all the materials, is that at the fastest stressing rates the reactive strengths were less than the inert strengths and still increasing with stressing rate.
Comparison of these strength-stressing rate combinations suggests that the fracture surfaces were beginning to react with the water environment in tens of milliseconds. The combined mesomicro-nano-scale model is able to describe the strengths over the complete reaction range, as noted by the solid-line fits to the inert and reactive strengths, and contains three asymptotic responses: At very fast applied stressing rates, there is no time for the fracturing material to react with the environment and the strengths are invariant at the upper asymptote, σmax, Eq. 13. At very slow applied stressing rates, there is adequate time for the fracturing material to completely react with the environment and the strengths are invariant at the lower asymptote, σmin, Eq. 16.
Intermediate to these two asymptotes, the fracturing material only has time to partially react with the environment and the strengths approach a near-logarithmic asymptote reflecting the reaction rate kinetics. Table 2 gives the parameters of η, v0, and 2γ for each material describing the best fit solid lines of Fig. 6 . The uncertainties given in Table 2 are the separations of the discrete values used in the matrix searching method. Comparison of Tables 1 and 2 shows that the ratio 2γ/2γ0 is approximately 0.3 for these oxide materials in water with the implication that T/T0 is approximately 0.5.
IV. Applications of Multi Length-Scale Models of Strength
In this section, six practical applications of the multi-scale strength analysis and experimental results of the previous two sections will be considered: three under inert conditions and three under reactive conditions. The final application considered, the prediction of reactive strengths, will be seen to provide experimental validation of the combined meso-micro-nano fracture model. the meso-and micro-scale strength analyses suggest there are two ways a ceramic materials designer might manipulate microstructure to achieve contact flaw tolerance, depending on the scale of the flaws. If flaw tolerance is required for large contact flaws, the material microstructure could be designed or manipulated such that the material is susceptible to lateral cracking or chipping. In this way, the residual stress field driving radial or half-penny cracks is reduced, that is Kr is reduced via Eq. 7, and the strengths approach the invariant minimum strength of σL, Eq. 8b. Physically, flaw tolerance is achieved by dissipating contact work through lateral cracking and the materials designer can quantify the flaw tolerance through measurement and reduction of PL. Indentation observations suggest that materials with large E/H ratios are more susceptible to lateral cracking and chipping. 16 The trade-off in component performance is that achieving flaw tolerance in this way leads to greater surface wear and material removal.
If flaw tolerance is required for small contact flaws, the material microstructure could be manipulated such that the material is more susceptible to the formation of grain-localized crack wake restraints. In this case, the microstructural stress field that opposes crack opening is increased, that is the magnitude of Kµ is increased via Eq. 9, and the strengths approach the invariant maximum strength of σµ, Eq. 11b. Flaw tolerance is achieved here by dissipating the work of external loading by microstructural toughening, quantified by the measurement and increase in P*. The trade-off in component performance in this case is that the design element must include reduced grain-boundary toughness, T0, so as to enable the formation of ligamentary or frictional restraints, and hence flaw tolerance here is at the expense of overall decreased strengths.
If both meso-and micro-scale phenomena can be built into a material, such that PL is small and P* is large, flaw tolerance will be achieved for both large and small flaws. Such is the case for Vistal, shown in Fig. 5 and Table 1 . Over the same indentation load range, the strength of Vistal decreases by a factor of only two, compared with the factor of six for cordierite.
(2) Materials Selection
The explicit expression for inert strength covering the full indentation load range, Eq. 13, enables materials selection using strength distributions of components, once the distribution of contact loads a group of components will experience during their service life is specified. Given the probability density of contact loads, dPr(P)/dP, it is a simple matter to calculate the probability density of strengths, dPr(σmax)/dσmax. For example, if there is a 10 % chance that a component will experience a contact load between P1 and P2 during service, 10 % of components will exhibit strengths between σmax(P1) and σmax(P2). Consider a group of components that will experience a normal distribution of contact loads over the service life, characterized by mean ± standard deviation. Figure 7(a) shows the probability densities of strengths that would result for the three polycrystalline Al2O3 materials for P = (100 ± 3) N using Eq. 13 and the parameters in Table 1 . The strength distributions are narrow, reflecting the relatively narrow load distribution, and the strength distributions are clearly separated. If no other factors were present then Vistal would be the choice for a structural application. However, if the application allowed for increase in size of a component, so as to achieve the same load carrying capacity using a smaller strength material, and cost was a factor, other materials might be better choices. In particular, AD90 might be a better choice if the cost/volume were approximately ¾ or less than that of Vistal. such that the area under the curves is approximately equal.) In addition, the rank order of the strength distributions has changed from Fig. 7(a) and the distributions overlap. AD999 would now be the choice for structural applications, although the broad strength distribution would require significant margins of safety to be included in designs, thus driving up cost and weight.
Other choices of the contact load distribution (e.g., Poisson, bi-modal) will lead to changes in the predicted strength distributions and consequent changes in materials selection, but the measurements and fits of Fig. 5 provide the basis for selection of ceramic materials for structural applications in a quantitative manner.
(3) Toughness Curves and Intrinsic Strengths
Local to the crack tip, the equilibrium condition is given by (using Eq. 10)
In the far field, equilibrium is given by 8, 9 µ µ
and the microstructural restraints appear as a crack-length dependent toughening,
The 
(4) Crack Velocity Curves
The fits of the reactive strength measurements shown in Fig. 6 and the resulting descriptive parameters given in Table 2 allow for direct comparison of the underlying crack velocity curves given by Eq. 20. Fig. 10 compares the macroscopic crack velocity responses of Vistal, sapphire, and Macor using the (v0, 2γ, η) values from Table 2 
(5) Bond Rupture Activation Barriers
The nano-scale parameters characterizing the discrete bond rupture energetics can be obtained by inversion of the relations, Eqs. 19 to 21, describing the macroscopic crack velocity:
The values of these parameters for the seven materials in Fig. 6 are given in Table 2 energies. These parameters can be used in Eq. 17 to explore how the bond rupture activation barriers vary as a crack extends during a reactive strength measurement.
Consider a straight edge crack, length c, in a sapphire plate of thickness w subjected to remote tension, σA. The crack area is then A = wc and the SIF is simply Ka, Eq. 4. Using the Irwin relation, Eq. 15, allows the mechanical energy as a function of crack length to be
. The total energy of the system as a function of crack length is then, using Eq. 17,
Equation 29 is plotted in Fig. 11(a) , using w = 2 mm, σA = 400 MPa, and the parameters for sapphire in water from Tables 1 and 2 . The variation is concave; there is an unstable equilibrium point at a crack length of about 10 µm. The variation also appears smooth at this scale, reflecting the continuum response at macroscopic dimensions, described by the first two terms in Eq. 29. If the axes are expanded, the discrete energy barriers, represented by the third term in Eq. 29, become apparent. Figure 11 (b) shows an expanded view at the equilibrium point (corresponding to the point T in Fig. 10) ; the expansion is significant, about 10 4 horizontally and 10 11 vertically.
At this point, there is no net slope to the variation in energy, corresponding to equilibrium and the threshold in the macroscopic crack velocity response. The barriers for forwards and backwards bond rupture are equal such that there are equal numbers of bond rupturing and healing events along the crack front; the system is therefore in dynamic equilibrium and the crack is stationary. Figure 11 (c) shows an expanded view at a crack length of about 20 µm (corresponding to the point A in Fig. 10 ). There is now a net slope to the energy variation corresponding to a non-equilibrium state. The increase in G associated with the increased crack length has mechanically activated the system such that the barriers to forward bond rupture are less than those for backward bond healing; averaged over the crack front there are more rupture events and the crack extends. Figure 11(d) shows an expanded view at a crack length of about 30
µm (corresponding to the point D in Fig. 10 ). The net slope now is so great that the energy barriers have all but disappeared; there is now practically no kinetic limitation on crack propagation and the crack propagates dynamically. The correspondence between the discrete nano-scale bond-rupture behavior and the macroscopic crack velocity behavior has been noted (markings TAD). There is also a correspondence between the discrete behavior and the reactive strength responses: T corresponds to very slow applied stressing rates, A corresponds to intermediate rates, and D corresponds to very fast rates.
(6) Reactive Strength Predictions: Model Validation
The deconvolution of the inert strength responses via the combined micro-meso fracture model enabled the material properties of the underlying T-curves to be determined, Fig. 8 , and from these intrinsic strengths could be predicted, Fig. 9 . Similarly, the deconvolution of the reactive strength responses via the combined meso-micro-nano fracture model enables the material properties of the underlying v(G) curves to be determined, Fig. 10 , and reactive strengths to be predicted. In particular, once the crack velocity parameters (v0, 2γ, η) are determined using measurements at one indentation load, it is a simple matter to re-solve the crack extension integral, Eq. 22, using different parameters in the mechanical energy release rate expression, Eq.
24, and the initial and final conditions, Eq. 25, to calculate the reactive strength response at a different indentation load. The Vistal and AD999 reactive strength responses in Fig. 6 were determined using an indentation load of P = 100 N, a load strongly affected by meso-scale flaw disruption and in a crack length range close to invariant steady-state micro-scale toughening effects. Fig. 12 repeats as dashed lines the best fit reactive strength responses from Fig. 6 for these two materials at this indentation load. Also shown in Fig. 12 are predicted reactive strength responses for these two materials for an indentation load of P = 3 N, a load weakly affected by meso-scale flaw disruption and in a range in which micro-scale effects lead to large increases in toughness with crack length. Also shown in Fig. 12 as symbols are measured reactive strengths for these two materials using P = 3 N. There is very good agreement between these measurements performed in the micro range and the predictions from measurements performed in the meso range, with over a factor of 30 difference in contact load. Figure 12 highlights the engineering usefulness of the combined inert and reactive strength tests.
From a scientific point of view, the agreement between prediction and measurement in given by K(c). The large expansions of the axes required to observe the discrete bond rupture barriers in Fig. 11 further confirms that crack tips are "sharp" and that the mechanisms of crack propagation can be cleanly separated from the mechanics of fracture.
V. Conclusions
A unified multi-scale framework describes ceramic strengths very well: the framework relies on the separation of meso-and micro-scale mechanics of fracture from the nano-scale mechanisms of fracture. Mathematically, the framework is built on a description of the stress field in material adjacent to a crack tip by a stress-intensity factor (SIF), treating the material as a linear-elastic and nano-scale parameters characterizing the discrete energy barriers to bond rupture.
Both the inert strength variation with indentation load and the reactive strength variation with applied stressing rate are not simple power laws. In the first case, power-law behavior would derive from ideal indentation behavior, and in the second case, power-law behavior would derive from an assumed threshold-less empirical power-law crack velocity function. In both cases, increasing the experimental range of the controlled variable (load, rate) clearly revealed strength phenomena not encapsulated by power-laws. Models for these phenomena based on simple physical principles were developed in a straightforward manner. In the first case, a closed-form expression for the full strength range was developed and best-fit to the full inert data set on a desk-top computer in minutes. In the second case, a differential equation for crack extension was developed, and the resulting computer-calculated failure stresses fit to the full reactive data set in tens of minutes. A conclusion to be drawn from this is that there is no need to restrict analysis of indentation strength measurements to ranges in which power-laws appear to describe the data.
Finally, perhaps the most important aspect of this paper is shown in Fig. 12 . In this figure, strengths at one indentation load are successfully predicted from measurements made at another load. The loads are separated across the meso-micro divide and have very different mechanics and yet both the reactive and inert measured strengths are in agreement with the predictions for both materials examined. The implication is that the underlying crack velocity function, reflecting nano-scale bond rupture mechanisms, is invariant with respect to changes in the fracture mechanics, quantified using SIFs determined by external boundary conditions. The invariance and quantitative agreement provide further support for the sharp crack tip as the basis for modeling fracture of ceramics.
his home in Chillicothe, Ohio." The Leader noted that although Sosman had plenty of iron ore, his furnace produced no metal. 
Fig. 7.
Plots of predicted probability density strength distributions for three polycrystalline alumina materials. Indentation loads distributed normally with mean ± standard deviation of (a) (100 ± 3) N and (b) (10 ± 3) N. 
